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We study the zero temperature limit for interacting Brownian 
particles in one dimension with a pairwise potential which is of fi- 
nite range and attains a unique minimum when the distance of two 
particles becomes a > 0. We say a chain is formed when the particles 
are arranged in an "almost equal" distance a. If a chain is formed at 
time 0, so is for positive time as the temperature of the system de- 
creases to and, under a suitable macroscopic space-time scaling, the 
center of mass of the chain performs the Brownian motion with the 
speed inversely proportional to the total mass. If there are two chains, 
they independently move until the time when they meet. Then, they 
immediately coalesce and continue the evolution as a single chain. 
This can be extended for finitely many chains. 

1. Introduction. We consider a system of interacting Brownian particles 
in a real line M. The positions of particles at time t are denoted by 
x(i) = {xi{t))jlLi G and evolve according to the stochastic differential 
equation (SDE) 

1 dH 

(1.1) dxi{t) = --e~'' — ix{t))dt + dwi{t), l<i<N. 

Here {wi{t))^Li is a family of independent one-dimensional standard Brow- 
nian motions. The parameter e > 0, which is very small, represents the ratio 
of the microscopic spatial unit length to the macroscopic one and with 
a > is the inverse temperature of the system, which is already rescaled 
in e. The Hamiltonian i?(x) of the configuration x = {xi)j^^i G is defined 
as a sum of pairwise interactions between particles: 

(1.2) H{^)= U{xi-x,). 

l<i<j<N 
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The potential U = U{\x\) is symmetric, smooth, of finite range and has a 
unique nondegenerate minimum at |a;| = a > 0; see Assumptions I and II 
stated in Sections 2 and 3 for details. The configuration x = (xi)^i is a 
microscopic object and its macroscopic correspondence is given by {£Xi)fLi 
under the spatial scaling x i— > ex. 

The aim of this paper is to investigate the asymptotic behavior of the 
system as e | under a proper scaling both in particles' number N and time t 
besides the temperature of the system. The particles' number N = N(£) will 
change in such a manner that 

(1.3) limeN{£)=p 

with some p > 0. We shall simply write ~ pe~^ for (1.3). Then, the solution 
x(t) = {xi{t))^J^^ of the SDE (1.1) is rescaled in time as 

(1.4) x(^)(i)=x(rt), t>0. 

As the temperature, given by e", tends to 0, the system of the particles 
is expected to be frozen and arranged in an almost equal distance a. This 
naturally leads us to the following notion: a configuration x = (xj)^;^ ar- 
ranged in increasing order is called a chain with fluctuation c > if it satis- 
fies |xi+i — Xi — a\ < c for every 1 < i < A^ — 1. When e | 0, the fluctuation 
c = c(e) of the chain is expected to be small. Macroscopically, a rod, which 
is an interval [exi, exjv(e)] in I^, rather than a set of points {exi)^Jf^ is asso- 
ciated with the chain x = {xi)^f^ with small fluctuation under the spatial 
scaling x>-^ ex. The constants p and pa represent the mass and the length 
of the associated rod, respectively. 

The first paper [1] studied the behavior of the rescaled process x^"^-* (t) for 
a single crystal which is an extended notion of chain in higher dimensions, 
and the result can be reformulated as follows in one dimension. If x('^)(0) 
is a chain with particles' number A^ ~ p£~^ and fluctuation e"^ with cer- 
tain I/* > at t = 0, then Ji.^^\t) = {x[^\t))^-^ remains to be a chain with 
fluctuation e'^ with slightly smaller than z^* for i > asymptotically with 
probability one as e [0. Moreover, the (macroscopic) center of mass of the 

associated rod defined by •q'^^^t) := J2iLi ^i^\t) behaves asymptotically 
as e I as r/(0) + w{t/p) if rj{0) = limg^o (0) exists, where w{t) is the one- 
dimensional standard Brownian motion. This means that the evolutional 
speed of the rod is proportional to the inverse of the macroscopic mass p, 
see Theorem 2.2 for details. 

The main result of this paper is stated in Section 3. Assume that x(^)(0) = 
x(^'i)(0) Ux(='2)(0) consists of two chains x(^'i)(0) and x(^'2)(0) with A^i ~ 
pis"^ and A'2 P2£~^ particles, respectively, where pi,p2 > 0. Then, these 
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two chains evolve independently until they meet. Once they meet, they im- 
mediately coalesce and form a larger single chain with particles' number 
N = Ni + see Theorem 3.1. Afterwards it evolves as a single chain, so 
the associated rod performs the Brownian motion with speed inversely pro- 
portional to pi + P2- This result can be extended for finitely many chains; 
see Corollary 3.9. 

As is explained in [1], one of the motivations of our study comes from 
the theory of interfaces and, in this respect, the rod we have introduced can 
be regarded as a kind of Wulff shape at temperature zero. The system of 
sticky Brownian motions was discussed by Smoluchowski; see [6]. Another 
model for coalescing rods in one dimension was studied by Mullins [7] . These 
models have, however, a slightly different character from ours, since the 
speeds of the particles or the rods do not change after coalescence in these 
models. Lang [5] investigated a system of ordinary differential equations (1.1) 
dropping Brownian motions with e~°' = 1 and N = oo. Such system arises 
from the SDE in the zero temperature limit under a proper time change. 

2. Motion of a single chain. This section summarizes the results for a 
single chain, which are deduced from Theorem 3.4 of Funaki [1] by restricting 
the system in one dimension. 

2.1. Hamiltonian. The space stands for the set of all x = {xi)^^ G 
arranged in increasing order xi < X2 < • • • < xat. The Hamiltonian H{'k) 
of X is introduced by the formula (1.2). The pair potential U in (1.2) satisfies 
the following conditions: 

Assumption I. (i) (symmetry) U{x) = U{—x), x £R. 

(ii) (smoothness, finite range) U £ Co(M). 

(iii) There exists a unique a > such that U{a) = mmx>oU{x) and c := 
U"{a) > 0. 

(iv) b < 2a, where b := infja; > 0; U{y) = for every y > x}. 

We denote by z the configuration such that Zj+i — Zi = a,l<i<N— 1. 
Note that z is a local minimum, which is sometimes called an instanton in 
physics, of the Hamiltonian H. By Assumption I(iv), each particle in the 
configuration z interacts only with neighboring particles. The (microscopic) 
center of mass of the configuration x G is defined by 

1 ^ 

(2.1) ^(x) = -^x,G]R. 

i=l 

Let = (z^)^-^ be the centered local minimum z, that is, r/(z'^) = 0. Then, 
each configuration x G can be decomposed as 

(2.2) x = z° + h + r/(x) 
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with h = h(x) = {hi)fLi E M'^ satisfying J2f=i = 0, where + h + t] : = 
{zf + hi + 7])^^^ for 1] £ M. For h = {hi)fL^ G satisfying Y.iLi hi = 0, we 
introduce three norms ||Vh||2, ||Vh||oo and ||Ah||2, respectively, by 
N-l 

l|Vh||| = {hi+i - hif, ||Vh||oo = - hi\, 

i=l ~ ~ 

l|Ah||i = (2/i, - h+i - hi_if + (/i2 - hif + {hN - hN^if. 

Lemma 2.1. For every h G M^, 

i||Ah||2 < ||Vh||2 < iV||Ah||2. 

Proof. The first inequahty is obvious from the definition of two norms. 
To show the next, set gi = /ij+i — hi,l <i < N — \. Then, we have 

N~l N-l ( i 2 

ilvh|ii=E5.-E^i + Efe-*-i) 

i=l i=l I j=2 ) 

< E ^{5? + E(* - < ^^^^iiAhiii. 

This imphes the second inequahty. □ 

Two quadratic forms £1 and £2 of h introduced in Lemmas 2.1 and 3.1 
of [1] related to the Hamiltonian -ff(x) have the forms 'fi(h) = c||Vh||2 and 
£20^) = c^||'Ah||2 in one dimension, respectively. Lemma 2.1 shows that the 
constant arising in a bound between these two quadratic forms stated 

in Lemma 3.2 of [1] can be taken as A(^^(z) = cA^~^. 

Let M = M.^ = {z^ + r];rj G M} be the set of local minima and let M^{c) = 
M^'^{c) = {x G M^; ||Vh(x)||oo < c} be the tubular neighborhood of for 
c G [0, 6 — a] . The configuration x G (c) will be called a chain with parti- 
cles' number N and fluctuation c. Note that x G Al^(c) means jxj+i — Xi — 
a\ <c for every 1 < i < — 1. 

2.2. Microscopic shape theorem and motion of the macroscopic center 
of mass. We now discuss the scaling limit for the solution x(t) of the 
SDE (1.1). The particles' number of the system is assumed to behave as 
N = N{£) ~ pe~^ with p > 0. Let x('^)(t) = {x\^\t))^Jf G M^^*^) be the time 
changed process of x(t) deflned by (1.4). For v > 0, consider the stopping 
time a = a^^^ determined by 

a = inf {t > 0;x(")(t) ^ 7W^'^(")(e^)} = inf > 0; ||Vh(x(^)(t))||^ > e-"}. 
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Theorem 2.2. (1) Assume u>2,a> 2u + 2> andx(^)(0) G Al^'^(^)(c(e)) 
with c(e) = o(e'^~^^/^) as e | 0. Then, we have lim£|o -P(c'-'^'' > = 1 for every 
t>0. 

(2) Letrj^^\t) := erj{yS^^\t)) be the (macroscopic) center of mass of the rod 
associated with the chain yS-^\t). Then, rj^^\t) weakly converges to r]{0) + 
w{t/p) as e J, in the space C([0,T],R) for everyT > ifrj{Q) = \mi^iQrj^^\Q) 
exists, where w{t) is the one- dimensional standard Brownian motion. 

Proof. We apply Theorem 3.4 of [1] to show assertion (1). Note that 
= c (see Remark 2.2 of [1]), A^^'^^ = cN'"^ ~ cp~'^e^ (see the remark 
after Lemma 2.1) in one dimension and we take c(e) = e'^ . Then, condi- 
tion (3.6) in [1] is satisfied if c{e) < ce^ (as e i 0) for some smah c > 0, which 
is vahd when v >2. (The condition c(e) < c^^-* in (3.6) automatically holds 
for sufficiently small e > 0, since we can take c^^^ =b — a; see Remark 3.2(1) 
of [1] as well.) To see that condition (3.7) in [1] holds, note that 

||Vh(x(^)(0))||^ < Ar||Vh(x(-)(0))||L < Ce''{o{e''+'/')}' = o{e'n 
and therefore 

{A(^'")c(e)2}-*'^[||Vh(x(^)(0))||2^] < C7e-2^P x oie^^P) ^ 0. 

Condition (3.8) in [1] also holds since 

{A(^'^)c(e)2}-^'e-''/3(e)-P+iAf(e)P{A(2'^)}"^+^ < Ce(«-2^^-3)P-"-i ^ q 

for large p; recall k = 3,f3{e) = e~" and a — 2z^ — 3 > from our assump- 
tion. Assertion (2) is easy, since r]^^' {t)=r](^\0) + eN-^J2fLiWi{e-H). The 
constants C in the above estimates may change from line to line. □ 

Theorem 2.2(1) asserts that asymptotically with probability one x^'^\t) 
remains to be a chain with fluctuation e'^ if it is a chain with fluctuation 
o{e'^~^^^'^) at t = 0. This characterizes the microscopic structure of the so- 
lutions of the SDE (1.1) which are scaled macroscopically in time. Theo- 
rem 2.2(2) determines the macroscopic evolution of the associated rod. 

3. Coagulation of two chains. In this section, we assume that there are 
two chains x^^^ = x^^'^) and x^^^ = x^^'^^ in M with particles' numbers A'^i = 
A^i(e) and = N2{e), respectively. The chain x^^) is located on the left side 
of x^^-* . If the distance between the right most particle of x^^^ and the left 
most one of x^^^ (which will be called the distance of two chains) is larger 
than b, these two chains move independently. We shall show that, once the 
distance of two chains becomes b, these two chains coalesce immediately in 
macroscopic time scale and afterwards move as a single chain with particles' 
number N = N{e) := Ni + iV2- 
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To be more precise, we assume the following conditions on x(0) [= x'^^-'(O), 
a sequence depending on e > 0] and consider the solution x(i) = x*^^^ (t) U 
x(2)(t) of the SDE (1.1) starting at x(0), where xW(t) = (xi(t))^\ and 
x(2)(t) = (x,(t))il^^+i. 

Condition A. (i) x(0) = x(^)(0)Ux(^)(0) consists of two chains x^^^ (0) = 
{xi{0))^^^ and x(2)(0) = {xi{0))fLj^_^^^ with particles' numbers Ni ~ pie"^ A^2 ~ 
P2£~'^ and fluctuation e'',n> 0, that is, xW(0) G M^^^'{e^'),e = 1,2, where 
Pi,P2 > 0. 

(ii) The distance of these two chains is b, that is, xn^^i{0) — X]\f-^{0) = b. 

We need, in addition to Assumption I, the following rather technical as- 
sumptions on the shape of the potential U. We shall denote the connected 
component of the set {x > 0; U"{x) > 0} containing a by D = 62). 

Assumption II. (i) 2U{b2) > U{a) and U{bi) + [7(62) > U{a). 

(ii) U'{x) > for every x > 62 (and therefore for x> a). 

(iii) 263 > 6, where 63 G (&i,a) is determined by U{b2) + Ui^b^) = U{a). 

Note that, since U{a) <U{a) — U{b2) < U{bi) from (i) and (ii), 63 in (iii) 
exists uniquely. Assumptions (i) and (iii) mean that the well at a is deep 
and located away from 0, respectively. An example of the potential U, which 
satisfies both Assumptions I and II, is given by U{x) = ^'((l^^l ~ o)^ — 4), 
where we assume a > 4 and tp S C^(M) is a nondecreasing function such 
that xp{x) = X for X < —1 and V'(x) = for x > 0. Note that U (61), U{b2) > 
— 1, b<a + 2 and 63 > a — 1 in this example. 

The main result of this section is now formulated. 

Theorem 3.1. Letx^'^\t) =x{e~^t) be the time changed process o/x(t) 
with initial data x(0) satisfying Condition A with p > 1/2. Assume that 
u > is given and a satisfies a > 4 V (2z> + 3) . Then we have, for every 
6>0, 

limP(x(^)(i) e M^'^^'\e^) for some t < e^-^) = 1. 

Theorem 3.1 combined with Theorem 2.2 establishes the asymptotic be- 
havior of two chains located in a general position. Suppose that 1/ > 2,D > 
5/2 are given and a > {2u + 3) V (2z> + 3), and that the initial data x(0) = 
x(i)(0) Ux(2)(0) of the SDE (1.1) satisfies only Condition A(i) for some 
IJL>v+ 1/2. Then, by Theorem 2.2, two chains x(^'^)(t),£ = 1,2, scaled 
macroscopically in time both stay in M^'^^^e'^) until the time when the 
distance of these two chains becomes b. However, at the time when the 
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distance of two chains becomes b, Condition A(ii) is also satisfied and there- 
fore we can apply Theorem 3.1 to see that, within the time e^~^ , a single 
chain x^^\t) G Ai'^'^{e'^) is formed from two chains x^^'^\t),£ = 1,2. After- 
ward, applying Theorem 2.2 again, the single chain x(^^(t) moves staying in 
Pl^^g A^^'^(e'^~^/^~''). All these statements hold asymptotically with prob- 
ability one as e | 0. The coagulation of several chains will be discussed in 
Corollary 3.9. 

The first step for the proof of Theorem 3.1 is to show that, asymptoti- 
cally with probability one as e j 0, the distances of all neighboring particles 
of x(t) belong to the convex region D" of the potential U [which is slightly 
smaller than D; see (3.22)] at certain time t smaller than e"^^'' for arbitrary 
6 > 0, see Proposition 3.5 and the remark after it. In the proof, we always 
consider x(t) without introducing the scaling in time. The second step is 
to prove that, once the distances of all neighboring particles belong to D" , 
the two chains coagulate and form a single chain within the time for 
every 5 > 0; see Proposition 3.8. 

Let z(i'2) = z(^) Uz(2),z(i) = (zi),^\,z(2) = {zi)f^j^^^^ be the configuration 
satisfying Zj+i — Zi = a,i ^ Ni and zat^^+i — zn^^ = b. Note that z^^'^^ is a 
saddle point of H{x.). Condition A means that x(0) is in a neighborhood of 

z(l'2). 

From Assumptions II(i) and Il(iii), there exists 64 G (0,^*2) such that 
Uib^) = U{b2). Then, choose an interval D' = {b'^,b'^) and 62 such a 
manner that 61 < 63 < 63, 64 < 64 < 63 < ?)2, 263 > b, U{b'^) = U{b'^) and 5 : = 
U{b'2) + U{b'^) — U{a) > 0. This is possible by taking b'2,b'^ slightly smaller 
than 62,^3 and 64 slightly larger than 64, respectively. We introduce four 
stopping times: 

n = inf {t > 0; XN-^+i{t) - xnA^) < ^2}) 

T2 = inf {t > 0; Xi^i{t) — Xi{t) ^ D' for some i 7^ A'^i}, 

T3 = inf{t>0; H{x{t))>6i}, 

U = inf |t > 0; 7?(x(2)(t)) - r,{x^^\t)) <^N- iV^j, 

where ^(x) := if(x) - H{z^'^''^^), 0<5i <5 and < k < 1; k will be chosen 
later in the proof of Proposition 3.5. The functions 7y(x''^)) = X^i^i and 
r/(x(^)) = J2iLNi+i defined by (2.1) with particles' number N replaced 
by A'^i and A^2 in each chain, represent the microscopic centers of mass of 
x^^) and x(^\ respectively. We first discuss with ti,T2,T3 in Lemmas 3.2, 3.3 
and T4 will be treated in Lemma 3.4, later; see Remark 3.1 for the meaning 
of T4. These three lemmas are prepared for the proof of Proposition 3.5. 
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Lemma 3.2. (i) For every t < ri A T2, mmi<j<Ar_2{3;i+2(i) — Xi{t)} > 
h. In particular, in the configuration x:=x(t), only neighboring particles 
interact and we have 

(3.1) ^(x)= {U{xi+i-Xi)-U{a)] + U{xN,+i-XN,). 

l<i<N-l,i=/=Nx 
(ii) Ti A rs < r2 . 

Proof. For t < n Ar2, we have XN^^i{t) — XN-^{t) > 62 and 63 < Xj+i(t) — 
Xi{t) < 64 for every Ni. This imphes a;j+2(i) — Xi{t) > 2b'^{> b) for all 1 < 
i < N — 2, and therefore (i) is shown. To prove (ii), assume T2 < ti Ara and set 
X = {xi)'j^-^ := x(r2). Then, there exists io (/ A^i) such that Xi^^i — Xi^ = b'^ 
(or 64), and xn^+i — xni > b'2 because T2 < ri. Moreover, since T2 <ti, we 
can apply (1) at t = T2 and see that H(x) has the form (3.1). Therefore, 

#(x) > {C/(xio+i - Xio) -U{a)} + U{xNi+i - XN^) 

>{U{bi,)-U{a)} + U{b'2) = 6>6i. 

This contradicts T2 < T3 and the proof of (ii) is complete. □ 

Lemma 3.3. Assume a> A and /i > 1/2 in Condition A on x(0). Then, 
for every 7 > 0, 

limP(Ti Ae-T<T3) = 1. 

eiO 

Proof. Step 1. Take 5q G (0,5i) and fix it. In this step, we prove that 
there exist ci , eo > such that 

<-) 

if t < Ti A T2,H{:x.{t)) > So and e G (0,eo)- Indeed, since (3.1) holds for 
X := x(t) and since x^r^+i — xj\f^ > b'2 implies U{xn-i_+i ~ xn-i) < [by As- 
sumption Il(ii)], we see from i^(x) > 5q that C/(xjQ+i — Xj^) — U{a) > 5q/N 
holds for some i^^ Ni. However, for such i^, K^jg+i — Xj^) — a| > C2\/5q/N 
[by Assumption I(iii)] and accordingly |C/'(xjp+i — Xj(,)| > c-i^JS^/N (by not- 
ing Xj(j+i — XjQ G D') for certain 02,03 > 0. 

Now let us assume that (3.2) does not hold. Then, we have 



(3.3) 



— (x) 

dxj 



\U'{xj - Xj_i) - U'{xj+i - Xj)\ < 



Ar3 

for every 1 < j < A^; we regard as U'{xi — xq) = U'[xn+i — xn) = 0. First 
consider the case where io < Ai — 1 and C/'(xj(,+i — x^o) > C3^/6oJN. [The 
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case where io > Ni + 1 or [/'(xjq+i — Xjq) < —C3y^6o/N can be similarly 
treated.] Then, using (3.3) with j = io, we have 

Continuing this procedure of estimates io — 1 times, we finally arrive at 

(3.4) U'{x2 - xi) > cg^V^- (io - l)^ci5o/N^ > (C3 - ^i)^f5jN. 

But, if one takes ci > such that C3 > y/ci, (3.4) contradicts (3.3) with j = 1 
for sufficiently small £ > 0. Therefore (3.2) is shown. 

Step 2. Simple application of Ito's formula for the solution x(t) of (1.1) 
shows 

d^(x(t)) = dm{t) + {-£-"6(1) (x(i)) + 6^2) (x(t))} dt, 

where 6(i)(x) = | 'Zf^^{dH/dxjf{x),b^^\x) = i Ef=i d^H/dxj{x) and m(t) 
is a martingale defined by 

However, in Step l,we have seen b^^\'x{t)) > ci5o/{2N'^) > c^e^ for some 
C4 > if t < Ti At2 and i/(x(t)) > (^o- Moreover, since d'^H/Oxj are bounded, 
|6(^)(x)| < c^e"^. Therefore, recalling a > 4, we obtain 

(3.5) d^(x(t)) < dm{t) - C6e-"+^ dt, 

for t < Ti A T2 satisfying H{-x{t)) > 60; or, more precisely saying, H{x{t)) — 
m(t) is differentiable in t and d{H{'x{t)) — m{t)}/dt < —cq£~'^~^^ for such t. 
Since dH/dxj are bounded, the derivative of the quadratic variational pro- 
cess of m{t) is dominated by 

(3.6) |H- = i:(|f)W))<.Te-'. 

Step 3. Introduce a time changed process yt of H{x{t)) as yt ■= H{:>c{{m)^^)), 
where (m)^^ denotes the inverse function of {m)t- Then, from (3.5) and (3.6), 
we have 

(3.7) dyt < dBt - ce-°+^ dt 

if t < {m)riAT2 and yt G [(^O)Co)) where c := cqCj^ . Note that Bt := m{{m)^^) 
is a Brownian motion and yo = -ff(x(0)) < cge^'^-^ from Condition A on 
x(0) and the bound i?(xW(0)) - i7(zW) < C<5i(h(xW (0))), ^ = 1,2, shown 
in (3.3) of [1], where i7(x(^)) denotes the Hamiltonian of the system with 
particles. 
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Choose 52 G {60, 6i) and take a smooth function / : ((^Qj co) — > [0, 00) , which 
satisfies f{x) = for every x > 62 and s((5o+) = hm^^i^o s{x) = —00, where 
s{x) = s^'^\x) is a function defined by 

s{x) = j^^ exp|-2 J\-ce^'^+^ + f{z)) dzj dy, x > Jo- 
in fact, such function / can be taken, since, if /(x) behaves as f{x) ~ 
C{x — 5o)~^ as X I 5o with A > 1 and C > 0, then s'^'^)((^o+) = —00 for each 
e > 0. We consider the SDE for zt = z^^^ : 

(3.8) dzt = dBt-ce-''+^dt + f{zt)dt, zo = d2. 

The function s{x) is the so-caUed natural scale (or canonical scale) for the 
diffusion process zt; see [3] or [4], page 339. Since s(5o+) = —00, it holds 
that 

(3.9) Zt >6o, t> 0, a.s. 
Moreover, for every sufficiently small e > 0, 

(3.10) yt<zt 

holds for every <t < {m)r-^^/^-r-^. Indeed, since fi > 1/2, yo < cge^'*"^ < zq (as 
e J, 0) and therefore (3.10) is true at t = 0. If yt < 60, (3.10) automatically 
holds because Zf > Sq. Once yt moves into the interval [(^OjOo), one can apply 
the comparison theorem (see, e.g., [2]) between two processes yt and zt 
recalling (3.7), (3.8) and / > 0, and (3.10) is shown for all t < {m)T-iAT2- 

We now consider a stopping time ai = a^^^ = mi{t > 0; zt = 61} for the 
solution of the SDE (3.8). Then, (3.10) implies ai < {m)r^ if T3 < ri A r2, 
which shows 

{t3 < Ti a r2 a e~^} C {fii < {m)^--,} C {ai < cye"^"^}. 
The second inclusion follows from (3.6). Hence, if one can show 

(3.11) limP(cri < cre"^-'^) =0, 

then we have lim^io -^(''"3 < ti A T2 A £~^) = 0. However, since 

{t3 < n a e"'^} C {rs < Ti A T2 A e~^} U {t2 < n A T3}, 

Lemma 3.2(2) concludes the lemma. 

Step 4. Only the proof of (3.11) is left. The argument of this step is rather 

standard. We introduce another stopping time cj2 = cr^^ = inf{i >0;zt = i^s} 
by choosing ^3 G (52, 5i). Then, one can find A > such that 

(3.12) P((T2 > 1) > A 
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for every < e < 1. In fact, consider an SDE 

dzt = dBt + f{zt) dt, zq = zq = 52. 

Then, zt < zt holds for every t > 0, which imphes a2 < (72^^ for CJ2 = inf{t > 
0; Zt = 5^}. We may therefore take A := P{d2 > 1) > 0. 

Let {a^^^ = c^'''^-'}fc=o,i,2.... and K = K^^^ be a sequence of stopping times 
and a random variable inductively defined by a^^^ = and for /c = 1, 2, . . . , 

a(2'=-i)=inf{t>aM;^, = 53}, 

a(2'=) = inf{t>a(2'=-i);z,^(52,<^i)}, 
K = m.i{k > 1; z^(2k) = 5i}, 

respectively. Then, {o"^'^^}a:=o,i,2,... and K have the following four proper- 
ties: (i) {cj(^'^~^-* — cr^'^''~'^^}k=i,2,... is an independent system, (ii) the law of 
cr(2fc-i) _ (j{'ik-2) -g identical to that of a2 for each /c = 1, 2, . . . , (iii) cji > 
X]fcLi('7*-^'^~^'' — cr(^'''~^)) and (iv) K — I has the geometric distribution: 
P{K - 1 = n) = pg", n = 0, 1, 2, . . . with p = p(^) := P{K = 1) and g = 1 - p. 
Indeed, (i) is a consequence of the strong Markov property of zt, while 
(ii) and (iii) are obvious. To see (iv), one may note that {zk ■= z^(2k)}k=o,i,2,... 
forms a two state Markov chain on the set {62,61} with the transition prob- 
ability P{zi = 6i\zo = 62) = p and P{zi = 62\zo = 82) = q- Furthermore, for 
every sufficiently small e > 0, 

(3.13) p<exp{-ce-"+^}, 

where c = c{5i — 63). In fact, this is shown noting that p = {s{5s) — s{52)} /{s{5i) ^ 
3(62)} and the natural scale s{x) is given by 

s{x) = ^e'^-^ exp{2ce-"+^(x - 52)} - 1} 
zc 

for x>52', recall that f{x) = ii x > 62- 

With the choice of Kq = ^ := eexp{ce-°+^} (< e/p), (3.13) and prop- 
erty (iv) show that 

P(ir<Ko) = l-(l-p)^"^0, ejO. 

Therefore, from property (iii), the proof of (3.11) is complete if one can 
prove 

(3.14) hmp|^f](a(2'=-i)-a(2'=-2))<c7e-i-^^ =0 

for every 7 > 0. Set Xk = ]l|^(2fc-i)_^(2fc-2)>i} for fc = 1, 2, . . . . Then, {Xk}k=i,2,... 
is a sequence of independent and identically distributed random variables 
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such that A = A^^) := P{Xx = 1) > A > from (3.12) and the property (ii). 
Since 



fc=i fe=i 



■o-{2fe-l) _^{2fc-2)^ 



(3.14) follows from limgio -P(^ < cye ^ '>') = 0. But, this is easy from E\y\ = 
XKo,E[{Y - E[Y]f] = A(l - X)Ko by applying Chebyshev's inequality. □ 

Lemma 3.4. Assume /i + k > 1 for the constants /x, «; > appearing in 
Condition A on x(0) and in the definition of respectively. Then, for every 

limP(Ti Ar4<e-(^+^'^+^)) = l. 



Proof. From the SDE (1.1), we have 

1 1 ^1 

d7?(x(i)(t)) = -^^e-^U'{xN, - XN,+i) dt + j^JZ 

1 

>^'^dWi{t), t<Tl, 



and a similar bound on (ir/(x(^^ (t)) from above for t < ti; recall that U'{x) > 
for X > a [by Assumption n(ii)] and the symmetry of U [by Assump- 
tion I(i)]. Hence, 

r/(x(2)(t)) - 77(x(^)(i)) < r?(x(2)(0)) - 77(x(^)(0)) + (iVf ^ + N:^^f/^w{t) 
for t < Ti , where 



/ , A , TVi \ 

(t):=(Ar-i + Ar-i)-i/2 ^ ^^(t) _ ^ ^^^(t) 

is a Brownian motion. Let us introduce a stopping time: 

0-3 = inf {t > 0; (iVf ^ + N^^f/'^w{t) < -{b -a)- e^'N - N""}. 
Then, decomposing x^'^) and x^^^ as in (2.2), respectively, we have 

r?(xW) = |(1 - A^i) + — ^ (/i, - /i^J + 
(3.15) ^ '^=\ 

ry(x(2)) = ^(iV2-l)+ ^h,-hM,+l)+XN,+l, 
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since J2f=i hi = Si^Afi+i = and z\[ = — = a(M — l)/2 for the centered 
local minimum z*^ = {z^)fLi with particles' number M (we take M = Ni,N2). 
Therefore, Condition A on x(0) = x^^^ (0) U x^^) (0) implies 

{r?(x(2)(0))-r?(x«(0))}-|iV-(6-a) 

from which we see r4 < us if as < ri. Accordingly, we have {ri A T4 > 
g-(i+2K+5)| ^ ^ g-(i+2K+5)|_ However, since /u + k > 1 implies e^iV <C 
A^'' as e i 0, we see (Af ^ + A2~^)-^/2(5 _ ^ _^ g^iv + A'^) < ce-(V2+«) for 
some c > so that (73 < CT3 := inf{t > 0;?i;(t) < — ce"^^/^"'"'')}. The scaling 
invariance of the Brownian motion shows (T3 = e~^^~^'^'^^ in law, where 
^■3 := inf{i > 0;u'(t) < — c}. Therefore, we get 

P(ti a r4 > e-(i+2''+5)) < ^(^3 > £-{i+2k+5)) ^ p^^^ > ^-5) ^ q 
as e i 0, which completes the proof. □ 

Remark 3.1. If x = z(^)uz(^) = U satisfies ZiJ^i-Zi = 

a for all z 7^ Ai, then (3.15) taking hi = for all i shows r]{'zP'^) — rj{z,^^^) = 
I A — a + -ZAT^+i — -^AT^. In particular, if the distance of z^^^ and z^^^ is a 
(i.e., X G Al^), then 7/(z(2)) - r,(z(i)) = f A [cf. this with 7?(z(2)) - ry(z(i)) = 
I A + (6 — a) for x = z^^'^)]. This may explain the meaning of the stopping 
time r4. The randomness coming from the Brownian motions {wi{t))^Li helps 
to make the distance between two chains shorter. Such effect was measured 
by the difference of the centers of mass of two chains. 

The results obtained in Lemmas 3.2, 3.3 and 3.4 are summarized in the 
following proposition. 

Proposition 3.5. Assume a > 4 and fi> 1/2. Then, for every 6 >0, 
limP(ri <e-2-<5 ^ < 7- ) = 1. 

Proof. Taking ^ < k< ^ A 1 and denoting S' := 1 - 2k + S > hj 6 
again, we may prove that 

(3.16) limP(Ti<e-(i+2^+^),ri<r2) = l, 5>0. 

Step 1. We first note that (3.16) can be deduced from 

(3.17) limP(ri<e-(^+2''+'')) = l. 

ej.0 
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In fact, this is seen from Lemma 3.2(2) and Lemma 3.3 with 7 = 1 + 2k + 5, 
since 

{ri A T3 < T2} n {n A £-(1+2'=+^) < rg} n {n < e-(i+2«+5)} 

We now give the proof of (3.17). Lemmas 3.3 and 3.4 show hm^io P{A^^^) = 1 
for = {n A e-(i+2«+5) < ^g^^^ < £-(i+2k+5)|_ Assume r4 < T3 and 
ri > £-(1+2^+5) on the event A^''\ and set x := x(t4) = x^^) U x(2) = (xi) ili. 
Then, we have -ff(x) < 5i and xat-^+i — x/yr-^ > 62 since <ti. Accordingly, 
noting r4 < Ti A T3 < Ti A T2 by Lemma 3.2(2), we see that formula (3.1) 
holds for H{x) and 

{U{xi+i -Xi) -U{a)} = H{x) -U{xN^+i -xn^) 

(3.18) l<i<N-l,ijtNi 

<~5-U{b'^) = U{U,)-U{a). 

On the other hand, x satisfies 

(3.19) r?(x(2))-ry(x«) = |7V-iV'^. 

We shall prove in Step 2 that (3.18) and (3.19) are incompatible. Once this 
is proved, we have T4 > or ti < A^''^ and this shows (3.17). 

Step 2. Set C := U{b'^) - U{a) > 0. Then, (3.18) implies U{xi+i - Xi) - 
U{a) < C for every i / iVi and, in particular, Xj+i — Xi £ D. However, U is 
dominated from below by a quadratic function on D, that is, there exists 
c„ > such that 

c.{g-af<U{g)-U{a) iigeD. 
Therefore, (3.18) shows that for gi := Xj+i — Xi, I < i < N — 1, 

(3.20) J2 {9^-af<—. 

l<i<N,i^Ni ^~ 

Next, noting that Xj = xjsj^ — Y^^2J^ gi for 1 < j < A^i and Xj = x^Vi+i + 

X]i=Afi+i5'« -^1 + 1 < i < ^1 we rewrite the difference of the centers of 
mass of two chains in terms of g = {gi)i^Nx'- 

Ni-l ^ 

r?(x(2)) - ry(x(i)) = (x^,+i - XTvJ + — i<7i + — ^ {N - i)gi. 
Hence, recalling that x^^+i — x^Vj > ^2, (3.19) implies 

, Afi-l , N-1 

,3.21) ^(.):^^g.(..-«) + ^_E^ (A' 

< -N" -b'2 + a. 
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However, using Schwarz's inequality and (3.20), |-F(g)| is dominated by 
1 



1 / Ni-1 \l/2/Ari-l \ 1/2 



a? 



i=i / \ i=i 



, / Af-l \ 1/2 / N~l \ 1/2 

for some c > 0, which contradicts (3.21) since k > 1/2. Therefore, (3.18) and 
(3.19) are incompatible. □ 

If Ti < T2, the solution x := x(ti) = {xi)^Li of the SDE (1.1) at time ri 
satisfies xni+i — xjy-^ = h'2 and Xj+i — D' for every i 7^ A''!. In particular, 
it holds that 

(3.22) Xi+i -Xi^ D" for every 1 < i < iV - 1, 

where D" := (63, 6^] D = (61, 62)- Note that c* := inf^g^" U"{x) > 0. 

We now move to the second stage. We begin with the investigation of the 
classical flow determined by the SDE (1.1) dropping the noise terms. Let 
x(t) = {xi{t))j^i be the solution of the ordinary differential equation (ODE) 

with an initial data x(0) = x satisfying the condition (3.22), and set 

gi{t)=Xi+i{t)-Xi{t), l<i<N-l. 

Then, as long as mmi<i<N-2{xi+2{t) - Xi{t)} > b, g(t) = {gi{t))fj^^ satisfies 
the ODE 

(3.24) ^ = ie-"{C/'(<7.+i) + U\g,^i) - 2U'{gi)}, 1 < i < iV - 1, 

where g'o(t) = gN{t) '■= a in the right-hand side. The first assertion in the next 
lemma is the maximum principle, while the second is an energy inequality 
for the ODE (3.24). The convexity of U on D" is essential. 

Lemma 3.6. Assume that gi{0) G D" for all 1 < i < N - 1. Then, for 
every t>0, we have 

(3.25) gi{t)eD" for ain<i<N -1, 
and 

N-l N-l 

(3.26) (9^{t) - af < exp{-c*e-"iV-2t} ^ (5,(0) - af. 

1=1 i=l 
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Proof. Assume that (3.25) holds at some t > 0. If ^^^(t) = maxo<j<Ar (7i(t) 
for such t with some 1 < iq ^ N — 1, then, since U' is increasing on D" , 
the ODE (3.24) gives dgi^^{t)/dt < so that giQ{t) is nonincreasing. There- 
fore, maxo<i<Ar g'j(t) is also nonincreasing in t [remembering the boundary 
conditions go{t) = QNif) = a]- Similarly, if (7jo(t) = mino<i<Ar gi{t) for some 
1 < io < A'" — 1, then g'io(t) and accordingly mino<i<Ar 5j(t) are nondecreas- 
ing. This shows that gi{t) can not go outside of D" for all \ < i < N — 1. 
Thus assertion (3.25) is shown. To prove (3.26), we see from the ODE (3.24) 
that 



N-l 
i=l 

N-l 



dt 



(3.27) 



E i9^{t) 

= E (9^+l{t) - g^mU'{g^+l{t)) - ^'(^.(t))} 

i=0 

<-C.e-''J2(9^+lit)-g^it)f 



i=0 

N-l 



<-c,e--N-^Y.(9^{t) 



\2 
O . 



i=l 



The second line is from U" > c^, on D", while the third line is by the Poincare 
inequality: Eill^ 9i < Eilo^ - 5i)^ if 5o = 0, applied for gi = gi- a. 
The bound (3.26) follows from (3.27). The Poincare inequality is immediate 
from Schwarz's inequality as we saw in the proof of Lemma 2.1. □ 

We shall next prove that, asymptotically with probability one, the so- 
lution x(t) of the SDE (1.1) moves along with the solution 5c{t) of the 
ODE (3.23). This implies, with the help of Lemma 3.6, that x{t) goes into 
a neighborhood of a single chain; see Proposition 3.8. 

Assume that x(t) and x(i) have a common initial data x = x(0) = x(0) 
satisfying condition (3.22) and introduce a stopping time: 

T5 = inf|t>0; max \xi{t)-Xi{t)\>e^\, 9>0. 

L l<i<N J 

Lemma 3.7. For every 5 > 0, we have 

limP(r5>e2^+i+^) = l. 

£j,0 

Proof. Applying Ito's formula for I{t) := J2iLi{xi{t) - Xi{t))^, we have 

I{t) = /(O) + m{t) - r 6(x(s), x(s)) ds + Nt, 

Jo 
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where 

6(x,x)=g(..-:r.){g(x)-||(x)}, 

m(t)=2V/ {xi{s) - Xi{s))dwi{s). 

Denote the 2e^-neighborhood of D" by D'^ := - 2e^,b'2 + 2e^). Then, since 
infa,g£)// U"{x) > and 2(63 — 2e^) > b (for sufficiently smah e > 0), we have 

6(x,x) = {{xi+i - Xi+i) - (xi - Xi)}{U'{xi+i - Xi) - U\xi+i - Xi)} > 0, 

i=l 

if Xj+i — XjjXj+i — G for all 1 < i < iV — 1. Noting that (3.25) implies 
Xj+i(i) — Xj(t) G for every t > and l<i<A^ — l,we see that Xj_|_i(t) — 
Xi{t) G I?" for every t<T^ and 1 < i < — 1. Therefore, recalling /(O) = 0, 
we obtain I{t) < m{t) + Nt for every t<T^, and accordingly £'[/(r5 At)] < Nt 
for all t > 0. Since /(rs) > e^^ and < Ce-\ we have, for A = 26" + 1 + (5, 

^'(r5<e^)<e"^^£^[/(T5 Ae^)] <e^2^Ce^ie^ = Ce'^^0, e i 0. □ 



Lemmas 3.6 and 3.7 can be summarized into the following proposition for 
the stopping time r = r^^^ defined by 



(3.28) T = mi{t>0;x{t)eM^'^{e'')}, P > 0. 



Proposition 3.8. Assume a > 2i> + 3 anc?x(0) satisfies condition (3.22) 
Then, for every 6 > 0, 

(3.29) limP(T<e"-2-'') = l. 

ej.0 



Proof. To show (3.29), we may assume that (5 > is sufficiently small. 
Take 6* G (z>, ^). Then, since a - 2 - 5 > 26* + 1 (for sufficiently smaU 6), 
we have lim^jo -^(''"5 ^ e""^""^) = 1 from Lemma 3.7. However, on the event 
B'-^^ := {t5 > e"-^-''}, we see maxi<i<7v |xi(t) - Xi{t)\ < at t = e"-^-'', 
and therefore 

||Vh(x(t))||oo = max \xi+i{t) - Xi{t) - a\ 

l<i<N—l 

< max \xi+i(t) — Xi(t) — a\ + 2 max Ixjft) — Xi(t)| 
l<i<Ar-l' ^ ^ ' l<i<N 

< {\b'3 - o| V % - a|){iVexp(-c,e-"iV-2e"-2-5)}V2 + < 
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if e > is sufficiently small. We have used (3.26) and then 6 > u for the 
third line. This implies that x{t) G JvC^'^ {e'^) at t = e'^-2-(5 ^^^^ therefore 
r < £°^~'^~^ on the event B^''\ which proves (3.29). □ 

We are now at the position to complete the proof of Theorem 3.1. 

Proof of Theorem 3.1. Combining Proposition 3.8 with Proposition 
3.5 by means of the strong Markov property of x(t), we obtain 

limP(x(t) G M^'^{e^) for some t < e"^"^ + e"~^~^) = 1. 

However, since ^ ^-2-<5^ factor £'^"2-<5 may be omitted by replac- 

ing 5 if necessary. Hence, by introducing the time change (1.4), we obtain 
the conclusion. □ 

We finally consider the case where the initial configuration x(0) consists 
of n chains: x(0) = x^^^ (0) U • • • U x^") (0) arranged from left to right with 
particles' numbers A^i ~ Pis~^, • • • , Nn ~ Pn£~^ and fluctuations e'^ ,u >2 + 
(n- l)/2, respectively, where /9i,...,p„ > 0. Let x(^)(t) = {x(\t))f^-^,N = 
Y^^=i be the solution of the SDE (1.1) scaled macroscopically in time and 
starting at x(0). Denote the macroscopic center of mass of the associated ^th 

rod by r}(^''\t) := ^ E.=V,_,+i 4"\t), 1 < ^ < n, where = Eki for 
1 < ^ < n and Afo = 0. 

Corollary 3.9. Assume a>2iy + 3. Then, the process {r]^^'^\t)}^^-^ 
converges to {??^^''(i)}"=i as e 10 weakly in the space C([0, T],]R") for every 
T>0 if r?(^) (0) = lim^io ^^^'^^ (0) exist. 

The limit process {t?^^^ (t)}"^^ of Corollary 3.9 is constructed as follows: 

(1) {f/(^) (t) := rj^^^ (t) — a{J2e~=i Pi' ~^^Pi)}e=i perform the Brownian motions 
with speeds inversely proportional to pi independently with each other 
until the time r^^) = inf{t; fj^^\t) = f}^^~^^\t) for some 1 < ^ < n — 1}. 

(2) If the equality in the infimum for r^^^ holds for t = then 7)(^''^^)(t) = 
fl^^^'^+^\t) for ant>r«. 

(3) The system {f}^^\t); I ^ l^^^^ + 1} is afreshed at the time r^^^ and, af- 
ter T^^\ each of them performs the Brownian motion with the same 
speed as above except £ = ^^^^ , for which the new speed is inversely pro- 
portional to p^(i) + Pi(i)_^i. The evolution continues independently until 
the time r (2)=inf{t;7?W(t) = fy(^+i)(t) for some l<t{^6^'^) < n — 1 or 
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(4) After the time r^^^ , the procedure is continued similarly along with the 
coagulation times r^^^ < r^'^^ < • • • < r^"~"'^\ A single rod is finally left 
after the time r^"~"'^\ 

The proof of Corollary 3.9 is immediate from Theorems 2.2 and 3.1. Note 
that are independent Brownian motions until the time when 

the minimal distance between two of n rods becomes eb and the coagulation 
of two rods occurs within the time interval of length e^~^,5 > 0. The prob- 
ability that more than three rods interact within the same such small time 
interval is negligible as e | 0. We can therefore continue the argument given 
just after Theorem 3.1 also for n > 2. 
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